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Human behaviour is dictated by past experiences
via cumulative inertia (CI): the longer a certain be-
haviour has been going on, the less likely changes
becomes. This is a well-known sociological phe-
nomenon observed in employment, residence, ad-
diction, criminal activity, wars, etc. Fundamen-
tally, these all exhibit a growing resistance to change
over time. However, quantifying the strength of
this inertia is an ongoing challenge. Here we un-
cover anomalous cumulative inertia (ACI), ubiq-
uitous across human behavioural patterns, with a
much stronger memory dependence than previously
anticipated. The behaviours undergo substantially
stronger inertia, invalidating classical predictions for
recovery, reconciliation, or rehabilitation times. We
propose alternative models for predictions of con-
tinued anomalous behaviour, and provide means of
identifying whether such behaviour is present. The
result is a paradigm shift in our understanding of
human activity from burstiness to inertia. Our re-
sults demonstrate how non-equilibrium models us-
ing fractional calculus aptly describe resistance to
behavioural change, and produce novel predictions
for e.g. rehabilitation of convicted individuals. The
presence of anomalous cumulative inertia qualita-
tively affects the predictions which can be made
for behavioural change, and thus forecasts which of
these are more or less changeable. These findings are
critically important for e.g. recidivism studies and
public policy making, by determining more success-
ful intervention strategies and populations where
these interventions are most likely to succeed.
Cumulative inertia (CI) is a fundamental property of hu-
man behaviour, whether we are conscious of it or not [1]. It
is the statement that the longer we retain a job, own a home,
or belong to a certain political group, the less likely we are to
change those circumstances. Consider for example tenured
academics: with time, the individuals increase in seniority
and salary rank, develops a better working relationship with
colleagues, etc. It so becomes increasingly unlikely that they
will change institution. Once at full professorial level aca-
demics are essentially trapped in their current position. This
has been observed across a multitude of human employment
contexts [2, 3, 4]. CI is also historically well-documented
in human conflicts. A war or strike which has gone on for
3 months is far more likely to continue for another three
months than a confrontation which only started 2 weeks ago
(both parties have had greater opportunity to become en-
trenched in their beliefs, reducing chances of a compromise)
[3, 5]. CI is prevalent in online streaming; the longer our
streaming session, the more likely we are to continue [6]; an
effect also seen in television consumption [7]. The same is
true for correspondence where the likelihood of responding
decreases with the time since receiving the message [8, 9],
and in political activity where inveterate members are less
likely to leave than new members [10].
CI was popularised during studies of human movement
and migration [11, 12, 13, 14], where local attachments
were observed to lead to reluctant movers. It has recently
experienced a resurgence with new empirical support for
postulated psychological interpretations of the phenomenon
[13, 15, 16]. In the seminal work of Kahnemann and Tver-
sky, the endowment effect was put forth as an explanation
of this aversion to change. As we experience our home and
neighbourhood, a set of positives and negatives is acquired
(amenities, commute, neighbours, etc.) which forms an en-
dowment. Changing means the loss of this endowment and
the risk that the gains of changing will not outweigh this.
The result is an aversion to (risk of) loss which biases the
decision [17].
CI can be expressed in terms of a rate of change γ(τ)
which decreases with time τ [3, 4]. The expression γ(τ)∆τ
is the conditional probability of e.g. being employed for a
duration in the interval [τ, τ + ∆τ ], given the employment
has already lasted a duration τ . On dimensional grounds,
let the rate of change take the form γ(τ) = µ/(τ + τ0), such
that with increasing time τ spent, the smaller the rate of
change (rate parameter and time scale µ, τ0 > 0). Empirical
evidence for this dependence is illustrated in Figure 1. If a
time t has already been spent in a job (τ ≥ t), the mean
remaining time 〈T |τ≥t〉 = (τ0 + t)/(µ − 1) exhibits inertia
because it increases with t (see [3] and SI, part 1) This ex-
pression holds for µ > 1, a key property of CI.
In this work we uncover a hitherto untreated trend in
human behaviour which we call anomalous cumulative iner-
tia (ACI), supported by empirical evidence. Crucially, the
predictions from standard cumulative inertia regarding the
mean remaining time break down due to a smaller rate pa-
rameter µ < 1. Instead, anomalous systems possess a much
stronger inertia than standard CI, to the extent that trap-
ping (or no change) is a highly likely scenario. Surprisingly,
it is also rather common. ACI concerns cases in which ad-
ditional effort is required in order to bring about change.
Examples include living in an affluent/pleasant area and
moving [18], leaving a stable well-paying job, or our activi-
ties on the internet [19, 20, 21], including ‘clickbait’ websites
which do their utmost to keep a user on the site for as long
as possible [22]. A large body of literature examines bursty
activity followed by long periods of inactivity for related ex-
amples, but do not address anomalous effects [23, 24, 25].
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A hallmark of anomalous cumulative inertia is that classical
treatments of cumulative inertia break down due to the long-
term memory effects in place. Consequently, predictions
pertaining to the mean remaining time 〈T |τ≥t〉 no longer ap-
ply; the mean has ceased to exist. The consequences of ACI
are pervasive beyond the breakdown of simple quantities
like the mean remaining time. They demand a new family
of mathematical treatments: fractional calculus valid when
the rate parameter µ < 1 as tested by empirical data in Fig-
ures 2 and 3. Fractional calculus was popularised in physics
as a means of describing anomalous transport [26, 27, 28, 29].
Before addressing this point in greater detail, we first mo-
tivate the rate of change γ(τ) = µ/(τ + τ0), which describes
both CI and ACI depending on the value of rate parameter
µ. Figure 1 collates data for rates of change observed in
a variety of human behaviours. These include the rates at
which wars (1820-1949) or British strikes (in 1965) end, de-
pending on their duration thus far. We also analyse the rates
at which salaried individuals change jobs (1944-1959), and
the rate at which a convicted individual in Illinois, U.S.A.
granted parole will return to crime. Finally, we consider the
rate at which Finnish individuals leave their university city
after graduating. While the curves look deceptively similar
with only small variations in the µ−values, Figure 1 con-
tains two different classes of behaviour. We observe both
CI with µ > 1 and ACI with µ < 1. We shall demonstrate
how this innocuous change in µ leads to significantly altered
predictions and expectations of past and future behaviour.
Physically, this can be viewed as a non-equilibrium phase
transition at µ = 1.
Figure 1: Decreasing empirical rates of change γ as a func-
tion of time τ , fitted to the curve µ/(τ + τ0). Changes in
these human behaviours (over days D, months M, or years
Y) depend on rate parameters µ and time scales τ0. Fitting
details in SI, part 2. In descending order, 1– war dura-
tions (Y, µ = 2.42) [3], 2– factory worker employment (M,
µ = 2.01) [3], 3– strike durations (D, µ = 1.54) [3], 4– steel
workers employment (M, µ = 0.79) [3], 5– Finnish move-
ment post-graduation (Y, µ = 0.29) [30], and 6– recidivism
of parolees (M, µ = 0.15) [31].
In Figure 2 we provide further empirical support for the
presence of ACI. We consider the survival probabilities Ψ(τ)
of convicted individuals in the U.S.A. and Spain not commit-
ting another crime for a given duration. The American data
distinguishes between individuals sent to prison or given pa-
role, as well as if the crime is drug-related or not. We also
consider the probabilities of Finnish and German individuals
remaining in their university city after graduation for some
time. The plotted functional form of Ψ(τ) follows directly
from the rate γ(τ) of Figure 1 via Ψ(τ) = exp
(− ∫ τ
0
γ(u)du
)
,
containing heavy tails of the survival probability with µ < 1.
It is these heavy tails which lead to the necessity of fractional
calculus [29].
Figure 2: The curves display the survival probabilities
Ψ(τ) = τµ0 /(τ+τ0)
µ of individuals remaining in their current
state (e.g. home or behavioural pattern) for a certain dura-
tion τ (in months M, or years Y). Fitting details in SI, part
2. In descending order, 1– recidivism of non-drug parolees
(M, µ = 0.44), 2– recidivism of drug parolees (M, µ = 0.48),
3– recidivism non-drug ex-prisoners (M, µ = 0.71) [32], 4–
post-graduation moves in Germany (Y, µ = 0.13) [33], 5–
post-graduation moves in Finland (Y, µ = 0.28) [30], and
6– net recidivism of Spanish convicts (Y, µ = 0.10) [34].
The population changes can be obtained by multiplying the
initial population by Ψ(τ).
The tails of Ψ(τ) plotted in Figure 2 are equivalent to
those arising from the solutions to fractional equations in
(1) and (2). The resulting Mittag-Leffler function Ψ(τ) =
Eµ (−(t/τ0)µ) is an ideal fitting candidates for empirical
cases when the tails dominate the dynamics, capable of de-
scribing systems with strong long-time effects. This is evi-
denced in Figure 3, where we consider the probability of an
American individual imprisoned for a drug-related crime to
recommit another offence, given a certain duration passed
without convictions. We also consider the probabilities for
different durations individuals will remain in their current
residence, or in the EU if seeking asylum. Furthermore,
we consider the times passed until alcoholic individuals will
start drinking again, and the durations of militarised inter-
state conflicts (1816-2010).
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Figure 3: The curves display the survival probabilities
Ψ(τ) = Eµ (−(τ/τ0)µ) of individuals remaining in their cur-
rent state (e.g. home or behavioural pattern) for a certain
duration τ (in fortnights F, months M, half-years H, or years
Y), where Eµ is the Mittag-Leffler function. Fitting details
in SI, part 2. In descending order, 1– recidivism of drug
ex-prisoners (M, µ = 0.84) [32], 2– human residence (Y,
µ = 0.89) [35], 3– Syrian refugees (H, µ = 1.00) [36], and
4– relapse durations of alcoholics (F, µ = 0.89) [37]. 5–
duration likelihoods of inter-state conflicts (F, µ = 0.96) [5].
Fractional Calculus and ACI
Let us consider the survival probability of em-
ployees Ψ(t) in a company which exhibits ACI.
The associated strong inertia leads to the frac-
tional equation for Ψ(t)
dΨ
dt
= − 1
τµ0
0D1−µt Ψ(t), (1)
with the Riemann-Liouville fractional deriva-
tive defined as 0D1−µt Ψ(t) = 1Γ(µ) ddt
∫ t
0
Ψ(t −
u)/u1−µdu [38]. This clearly has a strong mem-
ory dependence. An other formulation of the
form
τµ0
dµΨ
dtµ
= −Ψ(t), (2)
using the fractional Caputo derivative [39]
also exists. The solution to (1) and (2) is
given by the Mittag-Leffler function Ψ(t) =
Eµ (−(t/τ0)µ), which is illustrated in Figure 3.
The empirical support for ACI and fractional calculus is
provided in Figure 2 and 3. The importance of fractional
calculus becomes clear when one considers the competition
across a network of companies or universities [16]. Highly
reputable or prestigious companies can reasonably be mod-
elled by ACI, and out-compete locations with classical CI.
Worker allocation will then be dominated by companies with
ACI. A heuristic interpretation is the well-established no-
tion of ‘brain-drain’ between different countries, or inter-
national migration between regions of significantly different
living standards. Naturally the rates of leaving are repre-
sentative of the different locations, but the question is how
this affects the overall distribution of individuals. If one
considers two competing companies, one of which exhibits
ACI, an equilibrium distribution of the workers will never
be reached [16]. Instead, most workers will be found in the
state with ACI, which we emphasize is different from an ab-
sorbing state. Individuals may still change, but overall are
trapped in the anomalous state. In Figure 4 we illustrate
this by the trapping of arriving Syrian refugees in the EU.
Figure 4: Survival probabilities Ψ(τ) of Syrian refugees
(2008-present) remaining in the EU, estimated via asylum
applications and deportations. The residence durations τ
are measured in 6-month intervals. During times of unrest,
the rate of leaving Syria is approximately constant, whereas
the time spent in the EU makes the likelihood of re-settling
there higher. With a value of µ ≈ 1, the long-term living
situation of refugees is precarious; small changes could dras-
tically affect whether individuals remain for longer times or
if they are deported. This is a critical example of a two-state
system wherein accounting for the fractional dynamics of the
individuals is essential. We find that the growth of refugee
populations (assuming no change in influx) is governed by
heavy-tailed dynamics.
We now demonstrate the breakdown of standard tech-
niques for modelling and data analysis concerning be-
haviours in systems subject to ACI. In what follows we il-
lustrate this with the example of employees in a company
founded at time t = 0. If each employee leaving their job is
replaced immediately, every job generates a renewal process
[40]. Such a renewal process involving (2), is known as a
fractional Poisson process [41]. This can be gauged via the
structural population density n(t, τ): we consider not only
the number of individuals in the company at time t, but
also the time τ they have held their current job. A similar
analysis can be done for residence durations. Classical tech-
niques, based on equilibrium distributions, assume that the
distribution of durations is independent of time t (see (3))
[35]. However, the strong memory of ACI invalidates the
assumptions of these techniques, resulting in fundamentally
altered, time-dependent employment or residence time dis-
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tributions (see (4)). For CI, the equilibrium density neq(τ) is
a decaying function of duration time τ . However, a hallmark
of ACI is the presence of long memory effects, leading to a
drastically different U-shaped form of n(t, τ) instead. This
is a clear example of the effects of anomalous behaviour: the
inertia is much stronger, allowing for a large probability of
individuals who do not change.
Properties and Predictions of ACI
If employment at a company follows CI, then
the distribution of employment durations is a
decreasing function of duration τ :
neq(τ) =
Ψ(τ)
〈T 〉 , (3)
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plotted here for µ = 1.4, τ0 = 1. For ACI, the
distribution is radically changed to a U-shape:
n(t, τ) =
A
τµ(t− τ)1−µ , (4)
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with high probabilities of short τ  t and very
long τ ∼ t durations (see SI, part 3 and [40]).
The constant A = [Γ(µ)Γ(1 − µ)]−1, as is plot-
ted for µ = 0.4, t = 10. Crucially, the pres-
ence of t in (4) implies a strong memory depen-
dence. The population density φ(t, x) of workers
remaining for an additional duration x is
φ(t, x) =
Atµ
(t+ x)xµ
, (5)
which is also time-dependent (see [40, 29]). The
constant A takes the same value as above. Con-
versely, for CI φ(t, x) takes the form of (3).
The high probability of durations τ ∼ t in (4) are indica-
tive of the long-time persistence of systems with ACI. The
presence of this U-shape is thus indicative of the high like-
lihood of continuation of the current persistent behaviour.
Consequently, ACI has profound implications for the long-
term expectations of human behaviour. This can be seen in
the time-dependent heavy tails of (5) which give high prob-
abilities for the continuation of the anomalous behaviour.
If recidivism, the likelihood of a criminal to reoffend, is
subject to inertia [34, 31, 32], we predict qualitatively dif-
ferent outcomes if the inertia is anomalous. If the inertia is
‘classical’ with µ > 1, the average individual may attempt
behavioural change for some time, but will almost inevitably
return to crime [34, 31, 32]. This can be seen from the fi-
nite mean remaining time [3]. However, if the recidivism
inertia is anomalous with µ < 1, the average individual is
unlikely to succeed in changing behaviour. In other words,
the expected recidivism time exceeds the human life span,
though the median time may still be evaluated (see SI, part
1). Any criminal activity can be gauged via the conditional
survival probability Ψ(τ, x) : given no criminal offence has
taken place for a duration τ , what is the probability of this
pattern continuing for an additional duration x? For both
CI and ACI this is given by Ψ(τ, x) = (1 + x/τ)−µ, as de-
rived in the SI, part 1 [3]. A successful strategy for criminal
intervention would thus identify populations with µ-values
close to unity, where small changes in prevention or deterrent
policies would thus move this individuals into the category
of ACI. Expressions (4), (5) can be generalised to an al-
ternating renewal process accounting for both time between
crimes and time spent in detention.
Altogether, the predictions of ACI have strong implica-
tions across all manner of human behaviours. When applied
to job durations [2, 3], we encounter attractive companies
with high worker retention as employees prefer not to leave.
Of the same persistence is encountered in residence patterns
[12, 11, 35], this is in indication of popular areas with pri-
marily a sellers’ market and rich opportunities for property
speculation. Finally, when concerned with criminal activity
[34, 31, 32], ACI in the recidivism rate indicates individuals
or crime types wherein rehabilitation is more likely than re-
offending. It is expected that similar patterns in behavioural
change may be of relevance in marketing for the development
of brand loyalty [42], or elite polarisation in political models
[43, 44].
One might question the robustness of ACI as described
by (1) and (4). It can be shown that a time-decreasing
rate γ(τ) ∼ 1/τ arises from population heterogeneity where
individuals change behaviour with constant rate, where-
upon ACI is a long-term transient phenomenon [3]. Conse-
quently, each individual need not be subject to (A)CI in or-
der for a company, real estate market or otherwise to reflect
that overall trend [25]. Furthermore, anomalous effects can
self-organise by the growing popularity of certain positions,
neighbourhoods, etc. If the average number of individuals
working for a company is N(t), then an increase in N(t)
may be indicative of good working conditions there, thus
further increasing the number of applicants and popularity
of the company. If the rate parameter µ(N(t)) decreases
with N(t), then it is possible to have a company which ini-
tially is not anomalous, but becomes so as N increases. The
emergence of anomalous effects has previously been studied
in [45, 46].
In this work we have exposed the ubiquitous nature
of anomalous cumulative inertia in human activity, sup-
ported by empirical evidence from employment, residence,
recidivism, and a plethora of other examples. A key contri-
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bution is the paradigm shift introduced by recognising the
power in anomalous cumulative inertia to predict whether
change is likely to occur or not. As cumulative inertia is an
established phenomenon either on the individual or popula-
tion level, identification of whether a system is anomalous
is of fundamental consequence when implementing policy
changes. If a system is inertial, but not anomalous, depend-
ing on how closely the dynamics resemble ACI (as identified
via the parameter µ) we can determine the level of interven-
tion required in order for a certain property to be retained.
For example, recidivism times of an ex-convict may follow
CI with e.g. µ = 1.1, whereupon intervention could transfer
this individual to ACI-compliant (µ < 1) behaviour and
thus drastically increase the chances of rehabilitation. This
effect can be seen from the graphs of (3) and (4). ACI is
thus a powerful tool in predicting areas where intervention
is likely to be successful by identifying systems close to the
boundary µ = 1 where changes are likely to have high im-
pact. We underscore this by identifying the resettlement of
refugees as one such example.
We believe that the link established in this paper be-
tween fractional calculus and the universal phenomenon
of ACI provides hitherto unexplored understanding of the
human experience as we change homes, jobs and affilia-
tions. This data-driven application of fractional equations
for behavioural changes provides an inclusive description of
complex systems, which is only reliant on two parameters
µ, τ0. Future work will apply these tools to particular case
studies in order to identify changeable demographic groups,
and the suggested targeted areas of policy change.
Supplementary Information is available in the online
version of this paper.
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